Dark matter can capture in neutron stars and heat them to observable luminosities. We study relativistic scattering of dark matter on highly degenerate electrons. We develop a Lorentz invariant formalism to calculate the capture probability of dark matter that accounts for the relativistic motion of the target particles and Pauli exclusion principle. We find that the actual capture probability can be five orders of magnitude larger than the one estimated using a nonrelativistic approach. For dark matter masses 10 eV-10 PeV, neutron star heating complements and can be more sensitive than terrestrial direct detection searches. Our results show that old neutron stars could be the most promising target for discovering leptophilic dark matter.
Dark matter (DM) makes up more than 80% of the mass in the universe, but its identity remains largely unknown. All evidence of DM comes from its gravitational influence on luminous matter; direct searches for DM in terrestrial experiments have not yet detected positive signals. There has been growing interest in signals of DM capture in compact stars . In particular, neutron stars have super-nuclear densities that make them intriguing DM detectors. Incident DM is accelerated by the steep gravitational potential and may deposit its kinetic energy as heat [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . If radio telescopes observe a nearby old pulsar, upcoming infrared telescopes may measure the stellar luminosity and detect this DM kinetic heating. This search for DM is largely independent of the details of DM interactions with Standard Model particles and thus sensitive to numerous scenarios of DM that are otherwise inaccessible to terrestrial detectors [25] [26] [27] 34] .
In this Letter, we show that despite making up only ∼ 3 × 10 −5 of the stellar mass, the electrons in a neutron star are excellent targets for capturing dark matter. Neutron star heating can search for DM masses and couplings to electrons that greatly exceed the limits set by Earth-based direct detection experiments. Electrons in the neutron star are highly degenerate and have Fermi momenta p F = 146 MeV much larger than their mass m e = 0.51 MeV. Thus the star's electrons are ultrarelativistic targets moving in random directions. Further, DM is quasirelativistic as it approaches the neutron star: it is accelerated to the star escape velocity v esc ∼ 0.6. Because each DM-electron center of momentum frame is distinct and highly boosted from the neutron star frame, the capture probability cannot be accurately calculated using the conventional formalism based on the geometric cross section. The invalidity of this nonrelativistic approach for relativistic targets is seen in the frame dependence of the capture probability, which must be Lorentz invariant.
To accurately calculate the capture probability for a quasirelativistic incident DM particle and an ultrarelativistic target electron, it is necessary to specify the key scattering ingredients in different reference frames.
The DM-electron scattering cross section is most conveniently expressed in the center of momentum frame of each DM-electron pair; it is non-trivial to obtain an analytical expression by boosting all electron momenta to the neutron star frame. On the other hand, the FermiDirac distributions of targets, essential for estimating the Pauli blocking factor, are best defined in the neutron star frame.
In this work, we develop a manifestly Lorentz invariant formalism to express the capture probability per DM particle in the neutron star in terms of the kinematic ingredients discussed above. It incorporates the Pauli blocking effect and other capture conditions and allows us to integrate over the phase space available for DM scattering and capture. We further apply this formalism to two benchmark DM scenarios and estimate sensitivities on model parameters from neutron star heating. The first one assumes a contact operator to model DM-electron interactions. The second contains a light mediator particle with fixed masses of 1 keV and 1 MeV, well below the Fermi momentum. For completeness, we also present results for DM capture due to nonrelativistic targets available in the neutron star, namely the muon, proton and neutron.
We find that the actual electron capture probability can be a factor of (p F /m e ) 2 ∼ 10 5 larger than the estimate using a nonrelativistic approach. For DM masses 10 eV-10 PeV, the neutron star constraints are stronger than current limits from DM direct detection experiments in most of the mass range including the light dark matter regime. In particular, neutron star heating could be the most promising method to discover leptophilic DM. Furthermore, despite the complications of ultrarelativistic scattering kinematics, the sensitivity regions exhibit distinct scaling features that can be understood analytically, demonstrating a rich interplay between kinematics and Pauli blocking that underlies the DM-electron system. 
25 GeV/s is the mass capture rate, and f is the probability for a transiting DM particle to capture in the star. This process equilibrates on galactic timescales and the deposited energy is radiated as heat. The resulting blackbody temperature is T ≈ 1600 f 1/4 K [25, 26] . For f = 1 this is O(10) higher than that of a 10 9 year-old neutron star that is not heated by DM [35, 36] . The key step to accurately study DM signals from neutron star heating is to calculate the capture probability per DM particle, f .
To develop a formalism for f that is manifestly Lorentz invariant, we first consider the frame-invariant number of scattering events (dν) constructed in the DM rest frame in which the cross section and relative velocity can be properly defined [37] :
where dσ is the cross section, v is the relative velocity, dn χ , dn T are infinitesimal DM and target number densities respectively, ∆V denotes interaction volume and ∆t transit time; all evaluated in the DM frame. Since dν and dn χ ∆V are Lorentz invariant, so is their ra-
, the infinitesimal scattering probability. So we can write f in terms of the corresponding variables in the neutron star frame df
NS is the Møller velocity. From this and using the fact that the cross section is invariant under boost along the collision axis, i.e., (dσ) DM = (dσ) CM , where "CM" denotes the center of momentum frame, we obtain an expression for df ,
where dΩ CM = d cos ψ dα, for CM polar and azuimuthal angles ψ and α. Note that the last term in parentheses is Lorentz invariant. For what follows, we will suppress subscript "NS" when referencing a variable in the neutron star frame, except in a few instances to avoid confusion.
Pauli blocking and phase space. To evaluate f in Eq. 2, we need to perform the phase-space integral over dΩ CM dn T . However, not all parts of the phase space are allowed to interact due to the Pauli exclusion principle, which requires the target particle to be knocked out of its Fermi sea in order to interact. Making use of the Lorentz invariance of f , we analyze the Pauli blocking condition in the neutron star frame, where the Fermi surface is spherical. The condition can be expressed in the form of the Heaviside step function Θ(∆E + E p − E F ), where E F is the Fermi energy and ∆E the energy transfer of the target per collision; both of them are in the neutron star frame. Note that ∆E is related to the momentum transfer in the CM frame (
is the boost from the neutron star to the CM frame. Finally, we must satisfy the capture condition, N hit ∆E > E halo , and vary N hit to maximize f . This accounts for the case when many scatters with smaller ∆E are more efficient than a single scatter with large ∆E. Putting these together, we have
where n T is the average number density of the target species in the neutron star core, V F = 4πp 3 F /3 is the Fermi volume, and dn T = | p| 2 d| p| dΩ NS /V F . We take n T = 3M Y T /4πm n R 3 , where Y T is the target's volume-averaged number per nucleon, M is the mass of the neutron star and R its radius. For the constituents {e − , µ − , p + , n}, we take their corresponding Y T = {0.06, 0.02, 0.07, 0.93} and Fermi momentum p F = {146, 50, 160, 373} in MeV as predicted in the the Brussels-Montreal model [38] . We take M = 1.5 M and R = 12.6 km to be consistent with [38] .
We recover the usual form of f from Eq. 3 for nonrelativistic targets. As p F → 0, the differential cross section becomes independent of p µ and v Møl → β χ , also the Pauli blocking step function → 1. These imply | p| 2 d| p| dΩ NS / V F → 1. Assuming that a single scatter deposits at least E halo , Eq. 3 gives f = dΩ CM (dσ/dΩ) CM /( n T β χ ∆t) −1 , a well-known result, where the denominator is the geometric cross section.
DM model with a heavy mediator. We apply our framework to estimate sensitivities from neutron star heating for representative DM models and compare them with limits from DM direct detection experiments. We assume the DM candidate is a Dirac fermion (χ) that [39] [40] [41] [42] [43] [44] [45] [46] . Left: A heavy mediator scenario characterized by a cutoff scale Λ for capture by various neutron star constituents. The dotted line shows a non-relativistic calculation that underestimates (overestimates) the sensitivity above (below) the electron mass. Right: A light mediator scenario for the capture by electrons and protons, with sensitivities displayed for the product of the mediator's couplings to DM and Standard Model fermions. The direct detection constraints here assume that the mediator is massless. In both panels, the colored regions correspond to f = 1, i.e., T = 1600 K. Projected sensitivities are stronger if we take lower T .
couples to Standard Model fermions (ξ) via vectorial interactions. We first assume that the mediator mass is much higher than the relevant scales and use an effective operator, (χγ µ χ)(ξγ µ ξ)/Λ 2 , to parametrize the interaction and determine a lower limit on Λ. Fig. 1 (left) shows our projected sensitivities to the cutoff scale Λ vs the DM mass m χ , obtained numerically, for the target fermions ξ = e − , µ − , p + and n. The upper boundaries correspond to f = 1, or signal temperature T = 1600 K. Stronger sensitivities could be obtained for f < 1, corresponding to smaller T . The dotted blue curve denotes f = 1 for capture through electrons obtained by (incorrectly) treating them as nonrelativistic. For all targets, there are three distinct regimes. For m χ 1 PeV, the sensitivities decrease as the DM mass increases further. In this region, DM becomes so massive that multiple scatterings (N hit > 1) are required for successful capture, suppressing the capture probability, as indicated in Eq. 3. For p F m χ 1 PeV, there are plateaus insensitive to the DM mass. In this mass range, the momentum transfer is typically larger than the Fermi momentum and Pauli blocking is unimportant. In addition, the cross section is almost independent of the DM mass, as we will show later. Thus, the projected upper limits on Λ are nearly constant over m χ . Importantly, for m χ > p F our electron capture sensitivity to Λ is more than a factor 10 stronger than the one estimated with a nonrelativistic treatment [32] , while for lighter DM, the latter overestimates it. For light DM, m χ p F , the sensitivities decrease for all targets, due to a combined effect of Pauli blocking and suppression of the cross section, as we will discuss later.
For comparison, we also show constraints from DM direct direction experiments based on both electron [41] [42] [43] and nuclear recoils [44] [45] [46] . Remarkably, for light DM with m χ ∼ 10 MeV-10 GeV, the neutron star bound on Λ can be a factor of 100 stronger than electron recoil limits. Furthermore, neutron star heating may probe a broader DM mass range not covered by direct detection. If DM is leptophilic, the search proposed in this work may provide a promising test. We also see that neutron star heating may provide a wider DM mass coverage than direct detection for nuclei recoils as well [26] .
To further understand the scaling features in Fig. 1  (left) , we explore the scattering kinematics in more detail. The scattering cross section scales as (dσ/dΩ) CM ∝ m
, where E p is the target energy in the neutron star frame and s is the Mandelstam variable. In the nonrelativistic limit, E p ≈ m T and s ≈ (m χ + m T ) 2 , and (dσ/dΩ) CM reduces to the well-known form
The DM energy and momentum in the neutron star frame are E k = γ χ m χ and | k| = β χ E k = β χ γ χ m χ respectively, where γ χ = 1.24 and β χ = 0.6. For the electrons these are E p ≈ p F and | p| = p F respectively, as the electron Fermi momentum 146 MeV is much larger than its mass 0.51 MeV, i.e., electrons in the neutron star are ultrarelativistic.
Consider the heavy DM mass region, where m χ p F and Pauli blocking is unimportant. For the DM-electron system, s = (
χ . Thus, the scattering cross section scales as (dσ/dΩ) CM ∝ p 2 F /Λ 4 . Compared to the cross section from the nonrelativistic approach in the neutron star frame, m 2 e /Λ 4 , the actual cross section is a factor of (p F /m e ) 2 ∼ 10 5 larger. Thus, the actual neutron star sensitivity on Λ is more than one order of magnitude stronger than estimated previously with nonrelativistic approach [32] , as indicated in Fig. 1 (left) . For the other targets, which are nonrelativistic, (p F /m T ) 2 < 1, therefore the nonrelativistic approximation is valid.
For light DM m χ p F , the reach shown in Fig 
4 . Since the energy loss only occurs for CM frame forward scatterings in this case, there is an additional suppression in the phase space ∝ m χ , which is not present for the nonrelativistic targets. Thus the Pauli blocking factor scales as m 3 χ , and we again have f ∝ m 3 χ /Λ 4 for the electron target. Note the nonrelativistic approach for electrons overestimates the sensitivity for m χ < m e , because it does not take into account the fact that it is much harder to transfer energy to an ultrarelativistic electron than one at rest.
DM model with a light mediator. Next, we consider a DM model with a light vector mediator with its corresponding scattering cross section
where g χ , g T are the mediator's couplings to DM and the target, respectively, and m med is the mediator mass. We take m med = 1 keV and 1 MeV, well below the Fermi momentum. Fig. 1 (right) shows our sensitivities to g χ g T for electron and proton targets. For comparison, we include direct detection limits from [39, 40, [42] [43] [44] [45] , where the mediator particle is assumed to be massless. Thus, they are conservative estimates for the light-mediator model we consider. Much like the case of the heavy-mediator model, neutron star heating may provide a much stronger probe for a vast range of the DM mass. In particular, neutron stars may provide promising tests for sub-GeV DM, because of the plateau behaviour as we will explain later. For leptophilic DM heavier than 1 TeV, neutron stars can probe up to 100 times smaller g χ g T compared to current direct detection bounds.
For both targets, the projected reaches have distinct features in the m χ dependence. In particular, the sensitivity curves change their slopes when m χ ≈ m med . On the low mass end, where m χ m med , the mediator mass dominates over the momentum transfer in the cross section shown in Eq. 4. Since the mediator mass is also much smaller than the Fermi momentum, this is similar to the heavy-mediator model in the region of m χ p F . Thus, f ∝ g χ . For higher DM masses m χ > m med , there are plateaus that are not sensitive to the DM mass. Interestingly, the plateaus DM mass range in this model is much more extended towards the low mass end, compared to the heavy-mediator model. As we discussed before, as m χ drops below p F , Pauli blocking plays a significant role in suppressing the phase space and reducing the capture probability. However, for the light-mediator model, the scattering cross section is enhanced by a small momentum transfer. These two competing effects reach a balance, resulting in the plateaus shown in Fig. 1 (right) .
More specifically, we consider the momentum transfer | q| 
where we use s|k|
Thus, f is not sensitive to m χ in this region. As we increase m χ , the cross section is suppressed by a high momentum transfer, and multiple scatterings become relevant; both effects lead to a small capture probability, resulting in weak reaches.
Conclusions.
We have studied relativistic capture of DM by electrons in a neutron star and developed a formalism to calculate the capture probability. It is manifestly Lorentz invariant and incorporates relativistic scattering kinematics, Pauli blocking, and the effect of multiple DM-electron scatters during stellar transit. We further applied the formalism to explore the sensitivities to parameter space of two benchmark DM scenarios and compared them with direct detection limits. The Lorentz-invariant capture probability can be five orders of magnitude larger than the traditional nonrelativistic approach. This makes neutron star heating one of the most promising testing grounds for probing leptophilic DM models. The DM-electron system also exhibits characteristic features in scattering kinematics that are reflected in our sensitivity curves from our numerical studies. We have provided analytical explanations to the features to further validate our formalism and results. In the future, it would be interesting to apply our formalism to other DM models, especially those with momentum-suppressed interactions [26] and inelastic DM self-interactions [47, 48] , where relativistic scattering kinematics developed in this work is very relevant. Moreover, we may consider exotic matter phases in neutron stars [15, 49] and DM capture in a specific stellar region like the crust [34] . Finally, to implement the proposed searches, the next step will be to investigate the discovery potential of old neutron stars using upcoming radio telescopes and infrared surveys, see., e.g, [50] [51] [52] [53] .
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